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We study the inner-most stable circular orbit(ISCO) of Kerr black hole in MOdified gravity(Kerr-
MOG black hole) which is one of the exact solution of the field equation of modified gravity in
strong gravity regime. Kerr-MOG black hole is constructed commonly known kerr metric in Boyer-
Lindquist coordinate by adding repulsive parameter like Yukawa force which explained in quantum
gravity. We explore what is some differences of the ISCOs of Kerr-MOG black hole and kerr black
hole.
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I. INTRODUCTION
General relativity(GR) is well-established theory by
predicting many cosmological phenomena in solar system
and universe. Specially, it predicts a black hole which is
one of astronomically the most surprising phenomena.
However, interior of black hole and some astronomical
observations are not explained by GR. In particular, a
strange phenomenon of galaxy rotation curves found by
the study of Zwicky, Rubin and her collaborators is the
example.[1–4]. Zwicky, first theoretically and formally
postulated unknown matter, called dark matter and Ru-
bin found that Einstein’s theory can not explain the ro-
tation curve of a spiral galaxy. This is an important clue
for the existence of dark matter. However, dark mat-
ter has not discovered by experimental observation so
far because it is not interacting with visible matter. One
needed explainable theory to this phenomena without in-
voking the concept of dark matter. First of all, Modified
Newtonian Dynamics(MOND) is proposed by Milgorom
by altering inverse-square law of gravity in scalar field of
Newtonian gravity[5]. This fits on some observations and
weak-field approximation like solar system, but MOND
has limit that explain the phenomena like a large galac-
tocentric distance of ∼ 200kpc and globular cluster [6, 7].
Scalar-tensor-vector gravity(STVG) theory was pro-
posed by Moffat[8]. STVG referred as the Modified grav-
ity theory(MOG) evolved to explain the discordance be-
tween the general relativity at large scale and many astro-
nomical observations such as dynamics of galaxies, galaxy
rotation curves, bullet cluster, the amount of luminous
matter of these galaxies and accelerating universe[8–10].
MOG theory is the field theory which is added, scalar ac-
tion, vector action and matter action, thereby modifying
Einstein-Hilbert action. Moffat also obtained the met-
ric of Kerr modified gravity (Kerr-MOG) of black hole
by combining the MOG theory with Kerr geometry[11].
This theory is the alternative theory in strong gravity
and exact solution for rotating black hole. He also the-
oretically showed observational methods for black hole
shadow of Kerr-MOG[12]. The research for shadow of
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black hole at our galactic center is in progress by Event
Horizon Telescope(EHT)[13]. EHT can be expected to
observe shadow of a black hole by particles or photons
around the black hole accretion disk. One can not ob-
served directly a black hole, thus someone must study
properties near black hole. Most of all, movement of a
particle or photon by strongly curved spacetime are use-
ful subjects. In particular, circular motions of timelike or
lightlike geodesics are important because it gives us infor-
mation about geometric framework around non-rotating
or rotating black holes. Among them, there is the mini-
mum radius of trajectory that is able to maintain stable
circular orbit and do not enter into event horizon of black
hole called innermost stable circular orbit(ISCO)[14]. In
the accretion disk theory[15], ISCO is regarded as one
of rotating black hole’s important features such as event
horizon, erosphere, etc. It is believed to be the inner edge
of an accretion disc orbiting black hole. Iron line profiles
for black holes is determined the photons that are emitted
near the ISCO[16]. The radius of ISCO is 6M in the case
of schwarzschild black hole while radius of ISCO for Kerr
black hole is depend on spin a. As an example, extreme
rotating black hole, that is intrinsic angular momentum
of kerr black hole is one (a = 1), have M in co-rotating
and 9M in counter-rotating where GN = c = 1 in case
of Schwarzschild and Kerr metric[17]. ISCO assist the
study which find shape of thin disk and Penrose process
at erosphere as well as properties in the vicinity of the
black hole.
In this paper, we investigate ISCO of Kerr-MOG black
hole that is not yet obtained. We obtain the expression
of energy E and angular momentum Lz of test particle
in circular orbit for Kerr-MOG metric, using a method
of Ref.[18, 19]. We also numerically calculate ISCO of
Kerr-MOG and analyze the result.
II. FIELD EQUATION OF MOG AND
KERR-MOG METRIC
The field equation of MOG are given by [8, 11]
Gµν = −8piGTφµν (1)
where c = 1 and postulated that G = GN (1 + α),
2∂νG = 0 where GN is Newton’s gravitational constant
and G is deformed as parameter α. Furthermore, the
canonical energy-momentum tensor of matter TMµν = 0
and the energy-momentum tensor for the vector field φµ
are induced by
Tφµν = −
1
4pi
(
B σµ Bνσ −
1
4
gµνB
σβBσβ
)
(2)
where Bµν = ∂µφν −∂νφµ and φµ are vector field with
the source charge Q =
√
αGNM . Moreover, the vacuum
field equations are
∇νBµν =
1√−g∂ν(
√−gBµν) = 0,
∇σBµν +∇µBνσ +∇νBσµ = 0
(3)
where ∇ν is in regard to the metric tensor gµν .
The Kerr-MOG black hole is static and axisymmetric
solution of gravitational field equation. Kerr-MOG met-
ric in Boyer-Lindquist coordinates is
ds2 =
∆
ρ2
(dt− a sin2 θdφ)2
− sin
2 θ
ρ2
[(r2 + a2)dφ− adt]2 − ρ
2
∆
dr2 − ρ2dθ2
(4)
where
∆ = r2 − 2GN (1 + α)Mr + a2 +M2G2Nα(1 + α),
ρ2 = r2 + a2 cos2 θ.
(5)
III. TOTAL ENERGY OF KERR-MOG METRIC
IN CIRCULAR ORBIT
To usually find circular orbit in any metric, one con-
siders effective potential for motion of massive particle
or photon[14–26]. We approach the problem by solv-
ing ISCO by well-developed the method differently than
Moffat did[11, 18, 19]. We investigate behavior of a test
particle in equatorial plane (θ = pi/2) and thus covariant
components of Kerr-MOG metric are
gtt =
∆− a2
r2
, gtφ =
a
r2
[
(r2 + a2)−∆
]
, grr = −
r2
∆
,
gθθ = −r2, gφφ = − 1
r2
[
(r2 + a2)2 − a2∆
]
.
(6)
Because of the property of stationary and axis-
symmetric for Kerr-MOG metric , we consider that two
conserved quantities are the specific energyE and specific
angular momentum Lz for constant motion of the test
particle. We use the Lagrangian and the Euler-Lagrange
equations for solving geodesic equation.
L =
1
2
gµν x˙
µx˙ν . (7)
In this way, we derive Equation for t and φ as well as
the radial equation.
t˙ =
−Egφφ − Lzgtφ
g2tφ − gttgφφ
φ˙ =
Egtφ + Lzgtt
g2tφ − gttgφφ
r˙2 =
1
r2
[
E2r2 − (L2z − a2E2) + (
2Mα
r
− β
2
r2
)×
(Lz − aE)2 −∆µ
]
(8)
where
Mα = GN (1 + α)M, β
2 = M2G2Nα(1 + α). (9)
For convenient calculation, we temporarily utilize
above values and we study timelike geodesics (µ = 1)
of the circular orbit of the test particle. We will do re-
ciprocal radius u(= 1/r) and x = Lz−aE as independent
variable and we consider r˙ = 0 and ∂r˙/∂r = 0. In next
section, we should be explain in detailed. Radial equa-
tions are
E2 − (x2 + 2aEx)u2 + (2Mα − β2u)x2u3
−(1 + a2u2 − 2Mαu+ β2u2) = 0
(10)
and
−(x2 + 2aEx)u2 + 3Mαx2u3 − 2β2x2u4
−(a2u2 −Mαu+ β2u2) = 0.
(11)
Subtracting Eq. (11) from Eq. (10), we take
E2 = 1−Mαu+Mαx2u3 − β2x2u4 (12)
and from Eq.(11), we obtain
2aExu = x2
[
3Mαu− 2β2u2 − 1
]
u− (a2u−Mα)− β2u.
(13)
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Fig. 1. Energy E is a function of r. For α = 9,
a = 0.95, there is minimum point at ISCO r = 38.672.
We also can derive quadratic equation for x from com-
bining Eq. (12) with Eq. (13) and eliminating E
x4u2
[
(3Mαu− 1)2 − 4a2Mαu3 + 4β4u4
− 4β2u2(3Mαu− 1) + 4a2β2u4
]
+ (a2u−Mα)2 + β4u2
+ 2β2u(a2u−Mα)− 2x2u
[
(3Mαu− 1)(a2u−Mα)
+ 2a2u− 2Ma2u2 − 2β2u2(a2u−Mα) + β2u(3Mαu− 1)
− 2β4u3
]
= 0.
(14)
The discriminant ” 1
4
(b2 − 4ac)” of this equation is
4a2u3(Mα − β2u)∆2u (15)
where
∆u = a
2u2 − 2Mαu+ 1 + β2u2. (16)
We take
x2u2 =
Q±∆u −Q+Q−
Q+Q−
=
1
Q∓
(∆u −Q∓) (17)
where
Q+Q− = (3Mαu− 2β2u2 − 1)2 − 4a2u3(Mα − β2u)
Q± = 1+ 2β
2u2 − 3Mαu± 2a
√
(Mα − β2u)u3
(18)
and
∆u −Q∓ = u
[
a
√
u±
√
(Mα − β2u)
]2
. (19)
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Fig. 2. Energy E is a function of r. For α = 0.5,
a = 0.95, there is minimum point of effective potential
equal to ISCO at r = 4.328.
Therefore, we can find the solution of quadratic equa-
tion for x
x = −a
√
u±
√
(Mα − β2u)√
uQ∓
. (20)
The Eq. (20) shows that the upper sign in the fore-
going equation refers to the counter-rotating orbit; On
the other hand, the lower sign refers to the co-rotating
orbit. We will use to the the lower sign to find ISCO of
Kerr-MOG but now this convention leave a this section.
We can derive the equation of energy E by substituting
Eq. (20) in Eq. (12), changing Eq. (9)
E =
1√
Q∓
[
1− 2GN (1 + α)Mu+M2G2Nα(1 + α)u2
∓ a
√[
GN (1 + α)M −M2G2Nα(1 + α)u
]
u3
]
.
(21)
According to x = Lz − aE, we find
Lz =∓
√
GNM(1 + α)−M2G2Nα(1 + α)u√
uQ∓
[
a2u2 + 1
± a
√
u3√
GNM(1 + α)−M2G2Nα(1 + α)u
[
2GNM(1
+ α)−M2G2Nα(1 + α)u
]]
(22)
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Fig. 3. Event horizon(EH) and ISCO. Distance
between ISCO and event horizon of Kerr-MOG black
hole increases as parameter α increases
we easily see Kerr metric when α is zero,
E =
1√
Q∓
[
1− 2GNMu∓ a
√
GNMu3
]
. (23)
and
Lz = ∓
√
GNM√
uQ∓
[
a2u2 + 1± 2a
√
GNMu3
]
. (24)
IV. INNER-MOST STABLE CIRCULAR
ORBIT(ISCO) OF KERR-MOG BLACK HOLE
We use to the method of Ref.[27], to numerically de-
rive radius of ISCO. Thus, we obtain numerical values of
ISCOs of Kerr-MOG black holes from Eg.(21). Differen-
tiating E for radius r is equal to zero, that is,
dE
dr
= 0. (25)
By condition (25), the radius of ISCO(rISCO) is obtained
at minimum value of E.
In the case of Kerr black hole, radius of ISCO is depend
on intrinsic angular momentum a of black hole. However,
the radius of ISCO of Kerr-MOG is depend on a and
parameter α which is related to gravitational constant
G.
Fig.1 shows that the minimum point of the energy of
test particles is a radius of ISCO of Kerr-MOG black hole
when α is 9 and a is 0.95. In case of Fig.2, parameter α
is 0.5 and a is 0.95. In Ref. [11], the event horizon r+
given by
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Fig. 4. The case of kerr black hole is comparison
with kerr-MOG black hole. ISCO is plotted on
some intrinsic angular momentum a and parameter α.
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Fig. 5. ISCO of large parameter α. The radius of
ISCO decreases with increasing values of a and
increases as α increases.
r+ = GN (1 + α)M
[
1 +
√
1− a
2
G2N (1 + α)
2M2
− α
1 + α
]
.
(26)
Fig.3 show that event horizons and ISCOs of Kerr-
MOG black hole are proportional to parameter α. It
shows that the distance between event horizon and ISCO
of Kerr-MOG black hole gradually increases as parameter
α increases. In the figure, the event horizons for a = 0.5
and a = 0.95 show little difference. In Ref.[12], black hole
shadow image depend on ISCO geometry. The radius of
5black hole shadow of Kerr-MOG rshad is calculated by
rshad = 22.68rs when α = 9 and a = 0.95, where rs is
2GN (1 + α)M . Comparing radius of ISCO with radius
of black hole shadow of Kerr-MOG, we obtain rshad =
11.729rISCO.
In Fig.4, comparing Kerr with Kerr-MOG black hole,
ISCOs of Kerr-MOG black holes are always greater than
Kerr black hole. ISCO of Kerr black hole converges 1 at
a = 1, while ISCO of Kerr-MOG is not. Thus, for rapidly
spinning black holes (a > 1), ISCO of Kerr-MOG can be
greater than 1. Moreover, ISCO of Kerr black hole is
equal to event horizon when a = 1, but ISCO of Kerr-
MOG black hole is greater than its event horizon when
a = 1.
Fig.5 shows that the curves for ISCOs of high values
of parameter α. α is larger, radius of ISCO get away at
the center of black hole. Furthermore, curves for radius of
ISCO of Kerr-MOG black hole become linear for intrinsic
angular momentum a. ISCO is increased as parameter α
increases.
V. CONCLUSIONS
In this paper, we investigated rotating black hole in
modified gravity theory called Kerr-MOG black hole. In
particular, we have calculated conserved quantities for a
test particles of Kerr-MOG black holes by using to well-
established method [18, 19] and numerically computed
radius of ISCO in Kerr-MOG black hole. We also in-
vestigated the phenomena by parameter α by comparing
with ISCO of Kerr black hole. For the Kerr-MOG black
hole, radius of ISCO is depend on parameter α as well as
intrinsic angular momentum a. ISCO of Kerr black hole
for a test particle decreases as a and ISCO of Kerr-MOG
black hole increases as parameter α increases. Moreover,
the distance of between the ISCO of Kerr-MOG black
hole and event horizon also increase as parameter α in-
creases. The ISCO of Kerr-MOG can help study compar-
ing black hole shadow of kerr-MOG with astronomical
observation of supermassive black holes like SgA* at the
center of the Milky Way. it also can expect to radiate
more around black hole as distance between ISCO and
event horizon of black hole increases. In the near future,
we are going to study for ISCO of Kerr-MOG of lightlike
geodesics and combination of Non-Kerr and Kerr-MOG
black hole. ISCO of Kerr-MOG black hole expect good
use of comparison with experimental values of EHT.
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